Abstract. The relativistic dyonium system is solved by the path integral approach. The energy spectra and the discrete as well as continuous wavefunctions are evaluated explicitly.
Introduction
Over the past 20 years considerable progress has been made in solving the path integrals (PI) of the non-relativistic potential problems. It is no exaggeration to say that today we are able to solve essentially all path integrals in quantum mechanics, which correspond to problems for which the Schrödinger equation can be solved exactly [1] . However, the same thing cannot be said for the relativistic potential problems. Only a few problems concerning relativistic particles have been discussed using PI. In this paper, we perform the path integral of a relativistic particle with both electric and magnetic charges (e 1 , g 1 ) moving in the field created by another charge (e 2 , g 2 ) located at the centre, i.e. the dyonium system. This result is an extension of Kleinert's paper [2] where the relativistic Coulomb system was solved using the path integral. The corresponding non-relativistic case of this system was studied by different quantization methods in [3] [4] [5] [6] [7] [8] [9] [10] .
The method presented in this paper can serve as a prototype for the path integral of arbitrary relativistic spinless systems.
The relativistic path integral
Adding a vector potential A(x) to Kleinert's path integral for a relativistic particle in a scalar potential V (x) [2] , we find that the path integral representation of the fixed-energy amplitude (Green's function) of a relativistic particle in an external static electromagnetic field is given by [11] 
with the action This path integral representation arises from the limiting condition of the λ-sliced version
where the λ-sliced action
In equation (2.1),h/Mc is the well known Compton wavelength of a particle of mass M, E is the system energy and x is the spatial part of the (3 + 1) vector x = (x, τ ), S is defined as
where ρ(λ) is an arbitrary dimensionless fluctuating scale variable with ρ(0) the terminal point of the function ρ(λ), and [ρ(λ)] is some convenient gauge-fixing functional [2, 12, 13] . The only condition on [ρ(λ)] is that
For the dyonium system under consideration, the potential is
and the vector potential reads
where is the radial distance, as usual. The hydrogen atom is a special case of the dyonium system with e 1 = −e 2 = e and q = 0. An electron around a pure magnetic monopole has e 1 = e, g 2 = g, e 2 = g 1 = 0. In the vector potential we have taken the gauge freedom A → A(x) + ∇ (x) to enforce the transverse gauge ∇ · A(x) = 0. In addition, we have taken advantage of the extra monopole gauge invariance [14] which allows us to choose the shape of the Dirac string that imports the magnetic flux to the monopoles. The field A(x) in equation (2.8) has two strings of equal strength importing the flux, one along the positive x 3 -axis from plus infinity to the origin, and the other along the negative x 3 -axis from minus infinity to the origin. As a consequence of monopole gauge invariance, parameter q has to be an integer or a half-integer number [14] , a condition referred to as Dirac's charge quantization.
To obtain a tractable path integral for the potential V (x) = −e 2 /r, we choose the fluctuating scale variable ρ n = r n and the gauge-fixing condition
The unity condition is satisfied automatically. With equation (2.9), the path integral of equation (2.3) turns into
where the sign ≈ in this equation becomes an equality for N → ∞, and A N is the action of equation (2.4) in which the constant ρ(0) is chosen as r b and the 3-vectors x n of the kinematic term are replaced with the 4-vectors x n . This extends the kinetic action to
(2.11)
The path integral can be simplified by the KS transformation [9, [15] [16] [17] 
The arrow on the top of the x indicates that x has become a 4-vector. For symmetry reasons, the 4 × 4 matrix A( u) is chosen as
With help of the transformation, the original measure changes into
and the square of the derivative of the 4-vector x has the form
The magnetic interaction turns into
We obtain a path integral in the continuum limit equivalent to equation (2.10),
where G( u b , u a ; S) denotes the amplitude
with the action
and the functional measure in the λ-sliced form
The parameters are
Here α denotes the 'fine'-structure constant α ≡ e 2 /hc, and A n · u is given by equation (2.16). Let us analyse the effect which comes from the magnetic interaction in the Coulomb system. We first express (u 1 , u 2 , u 3 , u 4 ) in terms of Euler angles (e.g. [14] ):
Then the action of equation (2.19) reads
In terms of canonical momenta the coordinates (u, θ, ϕ, γ ) can be as follows: 
where the action is given by
with the Hamiltonian
In the canonical path integral, the momenta are dummy integration variables so that we can replace (p γ +hq) by p γ . Then the action becomes This differs from the pure relativistic Coulomb system in two ways [2] . First, the Hamiltonian has an extra centrifugal barrier proportional to the charge parameter q: 
It describes a particle with mass m = 4M moving as a function of the 'pseudo-time' λ in a four-dimensional harmonic oscillator potential of frequency 
where
and l D is defined as l/2. The radial amplitude for the dyonium is
This integral can be calculated by employing the formula 
with the range of validity
where M µ,ν and W µ,ν are the Whittaker functions [18] (see p 1087). Thus we complete the integration of equation (2.42), and find the amplitude for r b > r a in the closed form
The energy spectra and wavefunctions can be extracted from the poles of equation (2.44). For convenience, we define the following variables: After some mathematical manipulation, we have
The pole positions, which satisfy
correspond to the bound states of the relativistic dyonium system. Near the positive-energy poles, we use the behaviour for ν ≈ñ l D ,
is the modified energy-dependent dyonium Bohr radius and n ≡ n r + l D + 1 is the principal quantum number, to extract the wavefunctions of the dyonium system
where we have expressed the Whittaker function M λ,µ (z) in terms of the Kummer functions M(a, b; z) [18] (p 1087),
From this we obtain the radial wavefunctions
From this, we obtain the continuous radial wavefunction of the relativistic dyonium system It is easy to check that the result is in accordance with the non-relativistic wavefunction when we take the non-relativistic limit.
Concluding remarks
In this paper, Kleinert's relativistic path integral with the magnetic interaction is studied. As an application, we have calculated the path integral of the relativistic dyonium system. The result is separated into the monopole harmonics and the radial path integral, and the radial fixed-energy amplitude is found in closed form. The dyonium case serves as a prototype of the path integral for a relativistic particle in arbitrary potentials. From this problem, we see the merits of the path integral approach in the treatment of the magnetic interactions. Under the Dirac's charge quantization condition, the magnetic interaction just involves the boundary integration. This procedure is something like that of the path integral treatment of the ABeffect [19] in which the magnetic interaction is reduced to the sum of the topological winding number. It is our hope that our studies will help to achieve the ultimate goal of obtaining a comprehensive and complete description of quantum mechanics from the point of view of fluctuating paths.
